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ABSTRACT
This paper addresses the problem of automatic wavelet feature extraction for signal classication. We propose to jointly
learn wavelet-based features (including scale and translation
of the wavelet as well as its shape) and a decision function
by casting the problem as a Multi-Kernel Learning problem.
A novel active constraints algorithm is then proposed. Our
method has been tested on a toy dataset and compared to classical methods with competitive results.
Index Terms— SVM, parametrized waveform, MultiKernel Learning
1. INTRODUCTION
In any pattern recognition problem, the choice of the features
used for characterizing an object to be classified is of primary
importance. Indeed, those features largely influence the performance of the pattern recognition system. Oftenly, features
are extracted from original data and they are crafted so that
they capture some informative characteristics about classes
to be discriminated. For instance, for signal classification in
Brain-Computer Interfaces, some works use wavelet or timefrequency transform of EEG signal as features [1].
For signal classification, wavelet decompositions are now
classical features that are frequently used [2]. However,
while being part of usual tools for feature crafting from signal, wavelet decompositions have to be carefully adapted to
the problem at hand. Such an adaptation usually involves
the choice of the wavelet decomposition tree as proposed by
Saito et al. [3]. Furthermore, using classical wavelets such
as Daubechies wavelet may lead to poor performance since
those wavelets have been built in order to have properties
that are not always necessary for achieving good classification performance. Hence, many works have recently looked
for adapting the wavelet to their data to be classified. For
instance, Neumann et al. [4] tune their wavelet by maximizing the distance between means of the classes in the wavelet
feature space. Instead, Lucas et al. [5] consider the wavelet
parameter as a parameter of their kernel-based classifier (a
Support Vector Machine) and propose to set it by means of a
cross-validation error criterion.

In this work, we also consider the problem of wavelet
adaptation for wavelet-based signal classification. However,
while most of the above-described approaches consider the
wavelet adaptation problem independently to the the classification problem, in this work, we propose to jointly learn a
combination of wavelet coefficients (including the shape of
the mother wavelet) to be used for classification and the classifier in itself. For this purpose, we cast the problem as a
multiple kernel learning where each kernel is a related to a
wavelet coefficient resulting from a parametrized wavelet decomposition.
For this purpose, we first show how to build kernels from
any wavelet decomposition. For selecting the optimal largemargin wavelet, we introduce the multiple wavelet kernel
learning problem. Then, we propose an active constraint
algorithm grounded on the KKT conditions. Our method
is tested on a toy dataset and compared to other methods
available in the literature.
2. LARGE MARGIN WAVELET KERNEL
2.1. From wavelet to kernel
Our objective in this work is to integrate the process of extracting wavelet features from a signal into the classifier learning process. Hence, our work can be interpreted as a method
for selecting the best wavelet and the best elements of the resulting dictionary for a classification task. As described in the
sequel, our selection criterion is a large margin criterion and
thus, we need to introduce a kernel based on wavelet decomposition.
Let x and x0 be to discrete signals belonging to Rd and
φθ,s,t be the wavelet resulting from the dilation at scale s
and translation t of the orthogonal mother wavelet φθ . The
role played by θ will be made clear in the sequel. Kernels
from wavelet can be simply obtained by considering the
(non)-linear mapping of the signals onto the wavelet decomposition. For instance, the following kernels can be built :
Kθ,s,t (x, x0 ) = hφθ,s,t , xihφθ,s,t , x0 i

(1)

where Kθ,s,t is just a linear kernel on the wavelet coefficient
obtained at scale s and translation t. If one only wants to take

the full decomposition, we have to consider the set of kernel {Kθ,s,t }s,t where s and t respectively spans all possible
wavelet dilations and translations.
In this work, we build upon the Multiple Kernel Learning framework [8, 9] for combining all the kernels resulting
for a full wavelet decomposition and for selecting the “best”
wavelet mother by tuning appropriately the angular parameter
θ. In the MKL framework, supposing that we have a training
set {xi , yi }`i=1 , our objective is to learn a decision function of
the form
X
f (x) =
fm (x; θm , sm , tm )

Fig. 1. Example of wavelet obtained from different θ

m∈M

into account some frequency bands in the signal decomposition, then the following kernel can be used.
X
X
Kθ,s (x, x0 ) =
|hφθ,s,t , xi| ·
|hφθ,s,t , x0 i| (2)
t

t

In the sequel, we will focus on kernels of the form given in
equation (1) in a sake of clarity but our approach is general
enough to be applied to any type of kernel.
Now that the kernels we use have been defined, we focus
on how such kernels can be parametrized with respects to a
mother wavelet.
As stated in [?], multi-resolution analysis based on the
Fast Wavelet Transform algorithm computes the wavelet
transform of a signal given a specified Quadrature Mirror
Filter bank (QMF), with such filters being related to a single
mother wavelet. Hence, there is a sort of mapping between
wavelet and QM Filters. In their work, Sherlock et al. [7]
have proposed an angular parametrization of QMFs and they
have shown that any orthonormal wavelet decomposition can
be generated using a proper set of angles. They have also
introduced an algorithm for computing a QM Filter given
some angular parameters. They also demonstrated that a
2M filter coefficients {hi } can be expressed in terms of M
angular filters. Furthermore, they proved that in order for
the QM Filter
P to generate an orthonormal wavelet basis, the
constraint i θi = π4 has to be satisfied, which reduces the
choice to M − 1 free parameters. Figure 1 shows examples
of wavelets generated by the Sherlock-Monro algorithm for
M = 4. The two upper wavelets were generated with angular
parameters π2 and π3 and the lower ones were selected during
our experiments.
Now, for any vector θ of size M − 1, with θi ∈ [0; 2π], we
can define the kernel :
Kθ,s,t (x, x0 ) = hφθ,s,t , xihφθ,s,t , x0 i = cθ,s,t c0θ,s,t

(3)

2.2. MKL for large margin wavelet selection
As defined in equation (1), the kernel Kθ,s,t is related only
to a single wavelet. Hence, in order to take into account

where M is a set of index, {θm , sm , tmP
} a triplet which specifies a wavelet φθm ,sm ,tm and fm (x) = i αi yi Kθm ,sm ,tm (x, xi ).
Then, our problem boils down to the choice of the “largemargin” combination of wavelet kernel . In other word, we
seek the best angular, scale and translation parameters for
wavelet-based kernels that can be combined to maximize a
large margin criterion. According to MKL, the problem to
solve is then :
min

{fm },b,ξ,d

s.t.

X
1X 1
kfm k2Hm + C
ξi
2 m dm
i
X
yi
fm (xi ) + yi b ≥ 1 − ξi ∀i
m

ξX
i ≥ 0 ∀i
dm = 1 ,

dm ≥ 0

(4)

∀m ,

m

where each dm controls the squared norm of fm in the objective function. Within this framework, the decision function
has the form :
!
X
X
f (x) =
αi yi
dm Kθm ,sm ,tm (x, xi ) + b
i

m∈M

Note that as explained in [9], the role of the penalty on dm is
to yield a sparse combination of kernels by setting to 0 many
of these weights dm .
The mother wavelet parametrization θ plays a central role
in this problem and in how it can be solved. Indeed, in the
Sherlock-Monro algorithm, θ can be considered as a continuous parameter.
Hence, in this sense, the number of kernels we have to deal
with becomes infinite, and the problem becomes an Infinite
Kernel Learning problem as introduced by Gehler et al. [?]
instead of a multiple kernel learning.
Here, we consider a finite set of {θ} sampled from the space
[0, 2π]M −1 . By doing so, we slighty relax the problem since
we deal with a finite, although exponential, number of kernels. Owing to this approximation, we are able to apply the
below-presented novel MKL algorithm that can handle a large
number of kernels.

3. ACTIVE CONSTRAINTS MKL
3.1. Solving the main problem
The problem given in equation (4) has a smooth and convex
objective function and it has linear constraints. As stated [9],
it can be reformulated as the following optimization problem :

X
1X 1

 min
kfm k2Hm + C
ξi



 {fm },b,ξ 2 m dm
i
X
min J(d) =
s.t. yi
fm (xi ) + yi b ≥ 1 − ξi ∀i

d


m



ξi ≥ 0 ∀i
X
s.t.
dm = 1 , dm ≥ 0 ∀m ,
m

(5)
which is a non-linear problem with respects to d with simplex
like constraints. We stress that J(d) is a differentiable convex
function but its evaluation P
needs the solution of a dual SVM
problem with kernel K = m dm Km .
In what follows, we propose a novel approach for solving
MKL problem that it is expected to improve existing MKL algorithms efficiency when dealing with many kernels but only
few of them will be get positive weights dm . Indeed, the KKT
conditions of this optimization problem (5) imply that at optimality, we have
∂J
∂dm

= −λ

if dm > 0

∂J
∂dm

≥ −λ

if dm = 0

(6)

with λ being the Lagrangian multiplier
associated to the
P
∂J
1
equality constraint and ∂d
=
−
α
α
i
j yi yj Km (xi , xj ).
i,j
2
m
Owing to the sparsity-inducing penalization term on dm , we
note from the optimality conditions that, all kernels with nonzeros dm , at optimality, should have their gradients at the
same value. Hence, from these equations, we can evaluate
whether a couple {d, α} is optimal or not.
Note that our constrained optimization problem is simpler
if we know in advance which kernels are going to be active
and which are not. Indeed, we can simply run a MKL algorithm using these active kernels in order to learn both the
decision function and the kernel weights. Active constraint
approaches for constrained optimization consists in starting
from a guess on the kernel active sets and then iteratively update this set until optimality. Basically, the idea consists in optimizing MKL among a small working set of kernels (the active ones) and then in verifying if the resulting solution {d, α}
satisfies all the other constraints given in equation (6).
Our approach is detailed in Algorithm 1. Denote by KA =
{m| dm > 0} and by K0 = {m| dm = 0} with KA ∩ K0 = 0.
The active constraints algorithm consists then at each iteration
in : i) train a MKL problem using only the working KA kernel
set, ii) check the optimality of the full problem, iii) then, if not

Algorithm 1 Active contraints MKL
Set dm = 0, ∀m
P
Initialize randomly some KA so that m∈KA dm = 1
while not optimal do
Solve MKL with according to KA kernels
Check KKT conditions of the full problem
if not optimal then
Among violating constraints choose, du
KA ← KA − {i ∈ KA : di = 0}
KA ← KA ∪ u
end if
if |KA | = maximal number of kernels then
Break
end if
end while

optimal yet update the working set KA by including a kernel
which violates the KKT constraint. One can remove from KA
some coordinate so that di = 0. Steps i) to iii) are performed
until equations (6) are satisfied up to a tolerance ε.

3.2. Optimality and Wavelet kernel selection
The main point of the algorithm is the update stage of the
active kernel set. Indeed, if the solution is not optimal yet, it
∂J
means that some gradients ∂d
do not satisfy equations (6)
m
up to a tolerance ε. Note that since the active set kernels have
been optimized on step i), non-optimality can only occur for
kernels that do not belong to active set, that is to say :
∃m ∈ K0 so that

∂J
< −λ − ε
∂dm

In our algorithm, for checking optimality and for selecting the
kernel to add to the active set, we look for
u = argmin −
m∈K0

1X
αi αj yi yj Kθm ,sm ,tm (xi , xj )
2 i,j

(7)

∂J
and if ∂d
< −λ − ε, u is added to the active set KA , on
u
the contrary, optimality conditions are satisfied. Resolution
of problem 7 poses an important issue. Indeed, the problem
is clearly non-convex and has discrete parameters.
In our experiments, since θm is a small-dimension vector, solving Equation 7 can still be performed by exhaustive
search. Hence, for each θm , we do the wavelet transform of
all training signals, build the corresponding Gram matrix for
∂J
each couple {sm , tm } and then compute ∂d
.
m
Note that according to this scheme, at each update stage,
wavelet kernels that are added to the active set have different
shapes (as parametrized by θm ) and focus on different timefrequency locations (as parametrized by sm and tm ).

drops as the variance of the noise rise. As illustrated on figure 3, CVWavelet and our method show more robustness to
noisy data. Moreover, as is shown in the figure 3, our method
achieves consistently better results than CVWavelet.
5. CONCLUSION

Fig. 2. Basis signals (left) of the toy dataset and their version
corrupted with a Gaussian noise (right)

In this paper, we propose a novel approach to the problem of
wavelet feature extraction for signal classification. Moreover,
we have described an optimization algorithm able to handle
such a problem.
Our active constraint algorithm performed well but its
wavelet kernel selection step may be improved. In the next
studies, we will try to overcome this issue.
Moreover, our work focuses on parametrized wavelet transforms but our method is general enough to be applied to
other parametrized transforms. In future work, we plan to
investigate other parametrized transforms in order to make
our method more invariant to signal translation.
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